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Abstract—The uniform Roe  Cכ
U
כ ሺGሻ. The reduced Cכ െ algebra C୰כሺGሻ is 
naturally contained in CUכ ሺGሻ. We show that the elements of 
 ℓ∞ሺܩሻ ډ௔௟௚ ܩ which are invariant under ܣ݀ߩ are of the 
form  ሺℓ∞ሺܩሻሻఘሺீሻ ډ௔௟௚ ܩ. Finally we show that if ܺ and ܻ  are 
bounded geometry discrete metric spaces, then  
 
C୳כ ሺX ൈ Yሻ ് C୳כ ሺXሻ ٔ C୳כ ሺYሻ. 
 
 
Keywords—Invariant Approximation Property, Uniform Roe 
algebras. 
I. INTRODUCTION 
E assume that the reader is familiar with the basic 
notions in operator algebras and operator spaces, Roe 
[8], Kannan [4], [5], [6] and [7] Jolissaint [3], Brown and 
Ozawa [2], and Anantharaman-Delaroche [1] for the details on 
the invariant approximation property and the coarse geometry. 
The uniform Roe algebra CUכ ሺGሻ  is the Cכ െalgebra 
completion of the algebra of bounded operators on ℓଶሺXሻ 
which have finite propagation. In other words: According to 
Roe [8] G has the invariant approximation property (IAP) if 
 
ܥఒ
כሺܩሻ ൌ ܥ௎כ ሺܩሻீ .   
 
In Section IV, we study the crossed product of Cכ െalgebra. 
In section IV we study stone-cech compactification. In section 
IV we study the following statements: 
 
ܥ௎כ ሺܩሻ ൌ ܥሺߚܩሻ ډ௥ ܩ ؆ ℓஶሺܩሻ ډ௔௟௚ ܩ 
 
and we show the induce action of  G on CሺβGሻ ډ୰ G. 
The main purpose of this paper is to prove that the Theorem 
5.2, in section V. We also show that the elements of 
ℓஶሺܩሻ ډ௔௟௚ ܩ which are invariant under ܣ݀ߩ are of the 
form  ሺℓஶሺܩሻሻఘሺீሻ ډ௔௟௚ ܩ.  Finally we show that if ܺ and 
ܻ are bounded geometry discrete metric spaces, then  
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C୳כ ሺX ൈ Yሻ ് C୳כ ሺXሻ ٔ C୳כ ሺYሻ. 
II. PRELIMINARIES 
Coarse geometry is the study of the large scale properties of 
spaces. The notion of large scale is quantified by means of a 
coarse structure. First we recall the following definitions: 
Definition 1 [8]: Let X, Y be metric spaces and f: X ื Y a 
not necessarily continuous map. 
1. The map f  is called coarsely proper (or metrically 
proper), if the inverse image of a bounded set is bounded. 
2. The map f  is called coarsely uniform (or uniformly 
bornologous), if for every r ൐  0 there is sሺrሻ ൐  0 such 
that for all ݔ, y א X,    
 
݀ሺݔ, ݕሻ ൑ ݎ ֜  ݀ሺ݂ሺݔሻ, ݂ሺݕሻሻ ൑ ݏሺݎሻ 
 
3. The map f is called a coarse map, if it is   coarsely proper 
and coarsely uniform. 
4. Let S be a set. Two maps  f, g ׷ S ื X , are called  close if 
there is C ൐  0 such that for all  
 
ݏ א ܵ,   ݀ሺ݂ሺݏሻ, ݃ሺݏሻሻ  ൏  ܥ. 
 
5. A subset E  of  X ൈ  X is called  controlled  (or  entourage), 
if the coordinate projection a ߨଵ, ߨଵ: ܧ ื ܺ is close. 
Definition 2 [8]: A coarse structure on a set X is a collection 
of subsets of  X×X, called the controlled sets or entourages for 
the coarse structure, which contains the diagonal and is closed 
under the formation of subsets, inverses, products, and (finite) 
unions.  
It is easy to see that the controlled sets associated to a 
metric space X have the following properties: 
• Any subset of a controlled set is controlled; 
• The transpose ܧ௧ ൌ ሼሺx, yሻ: ሺy, xሻ א  Eሽ  
of a controlled set ܧ is controlled; 
• The composition  Eଵ ל Eଶ of controlled sets Eଵ and Eଶ is 
controlled;  where  
 
ܧଵ ל ܧଶ ൌ
ሼሺx, zሻ א X ൈ  X ׷ ׌ y א   X,
ሺx, yሻ א   ܧଵ  , and ሺy, zሻ א ܧଶሽ
 
 
• A finite union of controlled sets is controlled; 
• The diagonal Δ௫ ሺܺሻ: ൌ  ሼሺݔ, ݔሻ: ݔ א  ܺሽ  
 is controlled. 
Definition 3 [8]: A set equipped with a coarse structure is 
called a coarse space. Coarse geometry is the study of metric 
Kankeyanathan Kannan 
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W 
െalgebra (also called uniform 
translation)C^*- algebra provides a link between coarse geometry and 
C^*- algebra theory. The uniform Roe algebra has a great importance 
in geometry, topology and analysis. We consider some of the 
elementary concepts associated with coarse spaces. A discrete group 
$G$ has natural coarse structure which allows us to define the the 
uniform Roe algebra, C
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spaces (or perhaps more general objects) from a `large scale' 
point of view, so that two spaces which `look the same from a 
great distance' are considered equivalent. 
Let ܺ  and ܻ  be metric spaces. A (not necessarily 
continuous) map ݂ ׷  ܺ  െ՜  ܻ   is a coarse equivalence if 
there are constants C, A such that 
 
݀ሺݔ, ݕሻ  ൑  ܥ ݀ሺ݂ ሺݔሻ, ݂ ሺݕሻሻ  ൅  ܣ 
 
and 
݀ሺ݂ሺݔሻ, ݂ሺ ݕሻሻ  ൑  ܥ ݀ሺݔ, ݕሻ  ൅  ܣ 
 
for all ݔ and ݕ in ܺ . 
Definition 4 [8]:  A coarse structure on ܺ  is connected if 
each point of ܺ ൈ  ܺ  belongs to some controlled set. 
Definition 5 [8]: Let ሺX, dሻ be a metric space, we say that 
the metric d induces a coarse structure on X, which is called a 
bounded coarse structure. More precisely, we can define the 
bounded coarse structure induced by the metric d as follows: 
Set 
 
ܦ௥ ׷ൌ  ሼሺݔ, ݕሻ   א ܺ ൈ  ܺ ׷  ݀ሺݔ, ݕሻ  ൏  ݎሽ. 
 
Then E ك X ൈ  X is controlled, if E ك D୰ for some   r ൐  0. 
The following is an example of coarse structure. 
Example 6 [8]: Let G be a finitely generated group. Then 
the bounded coarse structure associated to any word metric on 
G  is generated by the diagonals 
 
Δ௚ ൌ ሼሺ݄, ݄݃ሻ: ݄ א ܩሽ , 
 
as ݃ runs over G. 
Definition 7 [8]:  Let ܺ  and ܻ  be coarse spaces. A map 
݅ ׷  ܺ െ՜  ܻ  is a coarse embedding if it is a coarse equivalence 
between ܺ  and ݅ሺܺ ሻ  ك  ܻ . 
We next recall some definitions about uniform Roe algebra 
and metric property of a discrete group. Let X be a discrete 
metric space. 
Definition 8[8]: We say that discrete metric space X  has 
bounded geometry if for all R there exists N in Գ such that for 
all x א  X,   |BRሺxሻ| ൏  N, where  
 
 ܤோሺݔሻ ൌ ሼݔ א  ܺ: ݀ሺݕ, ݔሻ ൑  ܴሽ. 
 
Definition 9[8]:  A kernel φ: X ൈ X  ื  ԧ  
1. is bounded if there exists M ൐ 0 such that |φ(s, t)|< M for 
all s, t א X 
2. has finite propagation if, there exists R ൐ 0 such   that 
φ ሺs, tሻ ൌ  0 ,   dሺs, tሻ ൐  R. 
Next, we show the operator associated with a bounded 
kernel is bounded. 
Lemma 10 [4]: Let X  be bounded geometry metric space. 
An operator associated with a bounded finite propagation 
kernel is bounded. 
We shall denote the finite propagation kernels on by AןሺXሻ. 
Definition 11 [8]: The uniform Roe algebra of a metric 
space  X  is the closure of  AןሺXሻ in the algebra  BሺℓଶሺXሻሻ of 
bounded operators on X.   
If a discrete group G is equipped with its bounded coarse 
structure introduced in Example 2.4 then one can associated 
with it to uniform Roe algebra CUכ ሺGሻ  by repeating the above.  
Next we recall the left and right regular representation: An 
important class of Cכ െalgebra algebras arise in the study of 
groups. Let ܩ  be a discrete group, then the characteristic 
function ߜ௚(s) of ݃, ݏ א  ܩ is defined as follows: 
 
ߜ௚ሺsሻ ൌ ቄ
1 ݃ ൌ ݏ
0 ݋ݐ݄݁ݎݓ݅ݏ݁.
ቅ 
 
If we assume that the ܩ is a discrete group then the 
functions ߜ௚(s) form a basis for the Hilbert space ℓଶሺܩሻ of 
square summble functions on ܩ.  
The group ring ԧሾܩሿ consists of all finitely supported 
complex-valued functions on ܩ, that is of all finite 
combinations 
 
݂ ൌ ෍ ܽ௦ݏ
௦אீ
 
 
with complex coefficients.  
The convolution product and the adjoins are defined as 
follows:  
 
ሺ ∑ ܽ௦ݏ௦אீ ሻሺ ∑ ܽ௧ݐ௦אீ ሻ =ሺ ∑ ܽ௦ܽ௧ݏݐ௦אீ ሻ 
൭ ෍ ܽ௦ݏ
௦אீ
൱
כ
ൌ ෍ ܽ௦തതതݏିଵ
௦אீ
 
 
Denote by ܤሺℓଶሺܩሻሻ the Cכ െ algebra of all bounded linear 
operator on the Hilbert space ℓଶሺܩሻ. We may distinguish 
between the left regular representation, which is induced by 
the left multiplication action, and the right regular 
representation, which is comes from the multiplication on the 
right.  
Definition 12:  The left regular representation 
 
ߣ: ԧሾܩሿ  ื  ܤሺℓଶሺܩሻሻ 
 
is defined by 
ߣሺݏሻߜ௧ሺݎሻ ൌ  ߜ௧ ሺݏିଵݎሻ ൌ ߜ௦௧ሺݎሻ 
 
for   ݏ, ݎ א  ܩ. 
The right regular representation is given by 
 
ߩሺݏሻߜ௧ሺݎሻ ൌ  ߜ௧ ሺݎݏሻ ൌ ߜ௧௦షభሺݎሻ 
 
for  ݏ, ݎ א  ܩ. 
The left regular representation is implemented using the 
familiar convolution formula  
 
World Academy of Science, Engineering and Technology
International Journal of Mathematical and Computational Sciences
 Vol:7, No:6, 2013 
1050International Scholarly and Scientific Research & Innovation 7(6) 2013 scholar.waset.org/1307-6892/1826
In
te
rn
at
io
na
l S
ci
en
ce
 In
de
x,
 M
at
he
m
at
ic
al
 a
nd
 C
om
pu
ta
tio
na
l S
ci
en
ce
s V
ol
:7
, N
o:
6,
 2
01
3 
w
as
et
.o
rg
/P
ub
lic
at
io
n/
18
26
  
ሺߜ௚ כఒ ߜ௛ሻሺݏሻ  ൌ ෍ ߜ௚
௧א ீ
ሺݏݐିଵሻߜ௛ሺݐሻ ൌ ߜ௚௛ሺݏሻ 
 
 It follows that for any function ݂ א ℓଶሺܩሻ  the left action 
by ߜ௚ is given by  
 
ሺߜ௚ כఒ ݂ሻሺݏሻ  ൌ ෍ ߜ௚
௧א ீ
ሺݏݐିଵሻ݂ሺݐሻ ൌ ݂ሺ݃ିଵݏሻ 
 
We can define the following right convolution: 
 
ሺߜ௚ כఘ ߜ௛ሻሺݏሻ  ൌ ෍ ߜ௚
௧א ீ
ሺݐିଵݏሻߜ௛ሺݐሻ ൌ ߜ௛௚ሺݏሻ 
 
which gives rise to the right regular representation: 
 
ሺߜ௚ כఘ ݂ሻሺݏሻ  ൌ ෍ ߜ௚
௧א ீ
ሺݐିଵݏሻ݂ሺݐሻ ൌ ݂ሺݏ݃ିଵሻ 
 
We note that: 
 
 ൫ߜ௚ כఒ ߜ௛൯ሺݏሻ ൌ ∑ ߜ௚௧א ீ ሺݏݐିଵሻߜ௛ሺݐሻ 
                        ൌ ∑ ߜ௛௧א ீ ൫ݏݐᇱ
ିଵ൯ߜ௚ሺݐᇱሻ             
 
and hence: ൫ߜ௚ כఒ ߜ௛൯ሺݏሻ ൌ ሺߜ௚ כఘ ߜ௛ሻሺݏሻ  
 
Proposition 13: The left and right representations commute 
that is for allݏ, ݐ א ܩ: 
 
ߩሺݏሻߣሺݐሻ ൌ ߣሺݐሻߩሺݏሻ. 
 
Proof:  We have: 
 
ߩሺݏሻߣሺݐሻߜ௥ ൌ  ߩሺݏሻߜ௧௥  ൌ ߜ௧௥௦షభ ൌ   ߣሺݐሻߜ௥௦షభ   
ൌ  ߣሺݐሻߩሺݏሻߜ௥ 
 
Thus 
ߩሺݏሻߣሺݐሻ ൌ ߣሺݐሻߩሺݏሻ.  
 
Remark 14: The left regular representation ߣ of the group 
ring ԧሾܩሿ  assigns to each element  ݂ א ܥሾܩሿ a bounded 
operator ߣሺ݂ሻ which acts on any ߦ א ℓଶሺܩሻ  by convolution:  
 
ߣሺ݂ሻሺߦሻ ൌ ݂ כ ߦ. 
 
and  
 ߣሺ݂כሻ ൌ ߣሺ݂ሻכ 
 
The image ߣሺԧሾܩሿሻ  of the group ring under the left regular 
representation is ܽ כ െ subalgebra of the algebra ܤ൫ℓଶሺܩሻ൯  of 
bounded operators on ℓଶሺܩሻ. 
Lemma 15: The left and right regular representations ߣ and 
ߩ  are כ െ homomorphisms.  
Proof: Let ݂, ݃ א ԧሾܩሿ   
ߣሺ݂ሻሺߦሻ ൌ ݂ כ ߦ.  
 
and 
ߣሺ݃ሻሺߦሻ ൌ ݃ כ ߦ.  
 
Consider 
 
ߣሺ݂ כ ݃ሻሺߦሻ ൌ ሺ݂ כ ݃ሻ כ ߞ ൌ ݂ כ ሺ݃ כ ߞሻ  ൌ  ݂ כ ሺߣሺ݃ሻߞሻ 
 ൌ ሺߣሺ݂ሻߣሺ݃ሻሺߦሻ 
 
Thus 
 
ߣሺ݂ כ ݃ሻ ൌ ߣሺ݂ሻߣሺ݃ሻ  for all ݂, ݃ א  ԧሾܩሿ 
 
Thus ߣ satisfies the product.Consider 
 
൫ߣሺ݂ሻ ൅ ߣሺ݃ሻ൯ሺߦሻ ൌ ߣሺ݂ሻሺߦሻ ൅ ߣሺ݃ሻሺߦሻ ൌ  ݂ כ ߦ ൅ ݃ כ ߦ 
 ൌ ሺ݂ ൅ ݃ሻ כ ߦ ൌ ߣሺ݂ ൅ ݃ሻሺߦሻ 
 
Thus ൫ߣሺ݂ሻ ൅ ߣሺ݃ሻ൯ ൌ ߣሺ݂ ൅ ݃ሻ  satisfies the sum. It is 
easy to prove scalar multiplication, and adjoin. Therefore 
ߣ  satisfies the properties of an כ െhomomorphisms. The proof 
for ߩis similar. 
Lemma 16: The left and right regular representations ߣ  and 
ߩ are unitary bounded representations. 
Proof: Let us define an operator 
 
ߣ௚: ℓଶሺܩሻ  ื  ℓଶሺܩሻ 
 
which for any function ߦ א ℓଶሺܩሻ   is given by  
 
ߣ௚ߦሺݐሻ ൌ ሺߜ௚ כ ߦሻሺݐሻ ൌ ߦሺ݃ିଵݐሻ. 
 
We have  
ۃߣ௚ߦ, ߟۄ  ൌ ෍ ߣ௚
௧א ீ
ߦሺݐሻߦሺݐሻതതതതതത 
ൌ ∑ ߦሺ݃ିଵݐሻ௧א ீ ߦሺݐሻതതതതതത  ൌ ۃߦ, ߣ௚షభߟۄ. 
 
This means that 
 
ߣ௚כ ൌ ߣ௚షభ. 
 
We have for every  ݃ א  ܩ, ߦ א ℓଶሺܩሻ 
 
                           ฮߣ௚ߦฮ
ଶ
      =    ∑ |ߦሺ݃ିଵݐሻ|ଶ௧ אீ  
                                         ൌ    ∑ |ߦሺݐሻ|ଶ௧ אீ  
                                         ൌ   ԡߦԡଶ.      
 
Therefore, ߣ௚ is a unitary bounded representation. The 
proof for ߩis similar. 
Remark 17: The left regular representation ߣ  is a faithful 
representation.  The same argument can be used to show that 
ߩis a faithful representation as well. 
The reduced Cכ െ algebra  ܥఒכሺܩሻ of a group ܩ (which we 
shall assume to be discrete) arises from the study of the left 
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 regular representation ߣ of the group ring ԧሾܩሿ  on the Hilbert 
space of square-summable functions on the group. 
Definition 18: The reduced group Cכ െalgebra ܩ, denoted 
by ܥఒכሺܩሻ is the completion of ԧሾܩሿ  in the norm given,  
for ܿ א ԧሾܩሿ  , by  
 
ԡܿԡఒ ൌ ߣሺ ԧሾܩሿሻതതതതതതതതതതത 
 
This mean that the closure of ԧሾܩሿ for the operator norm as 
a sub-algebra of  ܤ൫ℓଶሺܩሻ൯   is called the reduced Cכ െalgebra  
ܥఒ
כሺܩሻ  of a group ܩ. This is equivalently, it is the closure of 
ԧሾܩሿ  is identified with its image under the left regular 
representation.  i.e.  
 
 ܥఒ
כሺܩ ሻ ؔ  ߣሺԧሾܩሿ ሻതതതതതതതതതതത 
 
Definition 19: The reduced group Cכ െalgebra ܩ, denoted 
by ܥఘכሺܩሻ is the completion of ԧሾܩሿ  in the norm given, for 
  ܿ א ԧሾܩሿ  , by  
 
ԡܿԡఒ ൌ ߩሺ ԧሾܩሿሻതതതതതതതതതതത 
 
    This mean that the closure of ԧሾܩሿ for the operator norm as 
a subalgebra of  ܤ൫ℓଶሺܩሻ൯   is called the reduced Cכ െalgebra  
ܥఘכሺܩሻ  of a group ܩ. This is equivalently, it is the closure of  
ԧሾܩሿ  is identified with its image under the left regular 
representation.  i.e.  
 
 ܥఒ
כሺܩ ሻ ؔ  ߩሺԧሾܩሿ ሻതതതതതതതതതതത 
 
III. INVARIANT APPROXIMATION PROPERTY 
    In this section we will give the definition of invariant 
approximation property. A discrete group G has a natural 
coarse structure which allows us to define the uniform Roe 
algebra CUכ ሺGሻ.   
A group G can be equipped with either the left or right-
invariant of the metric.  A choice of one of the determines 
whether C஛כሺGሻ  or C஡כሺGሻ   is a sub-algebra of the uniform Roe 
algebra CUכ ሺGሻ  of G as we now explain.  If the metric of G is 
right-invariant then 
 
ܥఒ
כሺܩሻ ك ܥ௎כ ሺܩሻ. 
 
Let dଵ be the right-invariant metric on G. 
 
݀ଵሺݔ, ݕሻ ൌ ݀ଵሺݔ݃, ݕ݃ሻ׊݃ א  G . 
 
The operator λሺgሻ is given by the matrix.  Let 
 
  ܣ௚ఒሺݔ, ݕሻ  ൌ  
1 , ݂݅ ݔ ൌ ݕ݃.
0 , ݋ݐ݄݁ݎݓ݅ݏ݁.
 
 
Note that A୥஛ሺx, yሻ  is right-invariant:  
 
ܣ௚ఒሺݔݐ, ݕݐሻ  ൌ  ቄ
1 ݔݐ ൌ ݕ݃ݐ
0 ݋ݐ݄݁ݎݓ݅ݏ݁.
ቅ 
 
Therefore:   A௚஛ ሺxt, ytሻ ൌ A௚஛ ሺx, yሻ.  If the metric on G is 
right-invariant, A௚஛ ሺx, yሻ is of finite propagation and 
A௚஛ ሺx, yሻ  א CU
כ ሺGሻ  since A௚஛ ሺx, yሻ is non-zero when yିଵx ൌ ݃ 
and so  dଵሺx, yሻ ൌ dଵሺx݃, y݃ሻ.   
Hence any element of CሾGሿ will finite propagation and this 
assignment extends to an inclusion   C஛כሺGሻ մ CUכ ሺGሻ, similarly 
we can show that if the metric on G is left-invariant then   
 
ܥఘכሺܩሻ ك ܥ௎כ ሺܩሻ. 
 
Let us now choose a right invariant metric for G so 
that  C஛כሺGሻ մ CUכ ሺGሻ. The following important result as given 
in [8]. 
Lemma 20: If   T א CUכ ሺGሻ has kernel  Aሺx, yሻ, then 
AdρሺtሻT  has kernel Aሺxt, ytሻ. 
Proof: We have that:  
 
ሺAdρሺtሻTξሻሺsሻ ൌ ρሺtሻሺTρሺtሻכξ ሻሺsሻ 
= ܶ ρሺtሻכξሺstሻ 
ൌ ∑ ܣሺݏݐ, ݔሻሺߩሺݐሻିଵߦሻሺݏሻ௫אீ  =∑ ܣሺݏݐ, ݔሻߦሺݔݐିଵሻ௫אீ  
  
Now ܣሺݏݐ, ݔሻ  is non-zero whenever ݔ, ݕ, ݐ א ܩ are such   
that ݕ ൌ ݔݐିଵ, so ݔ ൌ ݕݐ and we have 
 
ሺܣ݀ߩሺݐሻܶߦሻሺݏሻ ൌ=∑ ܣሺݏݐ, ݕݐሻߦሺݔݐିଵሻ௫אீ  
 
Thus  AdρሺtሻT    has kernel Aሺst, ytሻ. 
In general, if  ܶ א ܥ௎כ ሺܺሻ then ׊x, y א  G, 
ۃܣ݀ߩሺݐሻܶߜ௫, ߜ௬ۄ ൌ ۃܶߜ௫௧, ߜ௬௧ۄ. 
So the operator T is Adρ െ  invariant if and only if    
ۃAdρሺtሻTδ୶, δ୷ۄ ൌ ۃTδ୶୲, δ୷୲ۄ,  ׊ x, y א  X , ׊ t א G. 
We now define the invariant approximation property: (IAP). 
Definition 21: We say that G has the invariant   
approximation property (IAP) if   
 
ܥ௎כ ሺܩሻீ ൌ ܥఒ
כሺܩሻ 
IV. CROSSED PRODUCT OF ܥכ െ ALGEBRAS 
Let ܩ be a discrete group. Let α: G ց H be an action of ܩ on 
a Cכ െ algebra ܪ: α is a homomorphism from group ܩ into the 
group Aut(H) of  automorphisms of H. This mean that for 
each ݃ א G there is defined an automorphisms αሺ݃ሻ of H 
given by: 
 
ߙሺݔሻߙሺݕሻ ൌ ߙሺݔݕሻ. 
 
Any element of the algebraic crossed product of ܣ by ܩ is 
the formal sum  ∑ a୲ u୲, where u୲ is unitary, a୲ א A and  t א G,  
and 
ݑ௧ଵݑ௧ଶ ൌ ݑ௧ଵ௧మ . 
 
We denote by ܪሾܩሿ the Cכ െ  algebra of formal sums 
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a ൌ ∑ a୲ u୲, where t ฽ a୲ is a map from G into H with finite 
support and where the operations are given by the following 
rules: 
   ܽ௧ܾ௦ ൌ ܽߙ௧ሺܾሻݐݏ 
     ሺܽ௧ሻכ ൌ ߙ௧షభሺܽሻݐ
ିଵ 
 
for ܽ, ܾ in ܪ and ݏ, ݐ in ܩ. 
Definition 22 [2]: A covariant representation of : G ց H  is 
a pair ሺπ, ρሻ, where π  and ρ are unitary representation of G 
and representation of H  in the same Hilbert  space ԯ 
respectively, satisfying the covariance rule 
 
׊ ܽ , ݐ א ܩ, ߨሺݐሻߩሺܽሻߨሺݐሻכ ൌ ߩߙ௧ሺܽሻሻ, 
 
where π: G ื Uሺ ℓଶሺGሻሻ and ρ: H ื Bሺ ℓଶሺGሻሻand 
Uሺ ℓଶሺGሻሻ is unitary bounded operators. 
Definition 23 [2]: The full crossed product of H ൈ G 
associated with  α: G ց H  is the *- algebra obtained as the 
completion of H[G] in the norm 
 
ԡaԡ ൌ supԡሺπ ൈ σሻሺaሻԡ, 
 
where π ൈ σ runs over all covariant representation of α: G ց H  
Next we describe the induced covariant representations. 
Definition 24 [2]: Let ܩ be a discrete group. Let π be a 
representation of ԯ on a Hilbert space ԯ଴ and 
 
ԯ ൌ ሺ ℓଶሺGሻ,  ԯ଴ሻ ൌ  ℓ
ଶሺGሻ ٔ ԯ଴   
 
We define a covariant representation ൫πෝ, λ෠൯ of G ց H acting 
on  ԯ by 
 
πෝሺaሻξሺtሻ ൌ πሺα୲షభሺaሻሻሻξሺtሻ 
 
and 
λ෠ሺsሻξሺtሻ ൌ ξሺsିଵtሻ 
 
for all  a א H and s, t א G and all  ξ א ሺ ℓଶሺGሻ,  ԯ଴ሻ . The 
covariant representation ൫πෝ, λ෠൯ is said to be induced   by  π . 
Definition 25 [2]: The reduced crossed product of H ډ୰G is 
the *- algebra obtained as the completion of 
HሾGሿ   in the norm 
 
ԡܽԡ௥ ൌ ܵݑ݌ฮሺߨ෢ ൈ ߣመሻ ሺܽሻฮ 
 
for a א  HሾGሿ , where π is a representation of H. 
We recall that the Stone - Cech compactification of a set ܺ 
is a compact Hausdorff space, equipped with an inclusion of 
the discrete space ܺ as an open dense subset and the following 
universal property: Every continuous function ݂: ܺ ื
ܼ extends uniquely to continuous function ݂:෡   ߚܺ ื ܼ, 
where is a compact Hausdorff space. In particular, every 
bounded complex-valued function on ܺ extends uniquely to a 
continuous function on ߚܺ. 
 Next, we show the induced action of G on CሺβGሻ ډ୰ G. 
V. INDUCED ACTION OF G ON CሺΒGሻ ډR G. 
First we shall describe the following statement: 
 
ܥ௎כ ሺܩሻ ൌ ܥሺߚܩሻ ډ௥ ܩ ؆ ℓஶሺܺሻ ډ௔௟௚ ܩ. 
 
Any element of f א CሺβGሻሾGሿ ك CሺβGሻ ډ୰ G defined by   
 
 ݂ ൌ ෍ ௧݂ ݐ 
 
where f୲ א  CሺβGሻ and t א G. Here: 
 
݂ ൌ ෍ ௧݂ ݐ ฽ ߠሺ݂ሻ 
ߚܩ ൈ ܩ ื ԧ 
 
ሺݔ, ݐሻ ฽ ௧݂ሺݔሻ  and  ߠሺ݂ሻሺݔ, ݐሻ ൌ ௧݂ሺݔሻ. 
This mean that an isomorphism between the *- algebra 
CሺβGሻሾGሿ and the *- algebra CୡሺβG ൈ Gሻ of continuous 
functions with compact support on βG ൈ G  given by 
 
ܥሺߚܩሻሾܩሿ ൌ ܥ௖ሺߚܩ ൈ ܩሻ 
 
The operation of the *- algebra CୡሺβG ൈ Gሻ  on βG ൈ G  is 
given by the following: let F, G א CୡሺβG ൈ Gሻ   then we have 
 
ሺF כ Gሻሺx, sሻ ൌ ෍ Fሺx, tሻGሺtିଵx, tିଵsሻ 
 
and 
Fሺx, sሻ ൌ Fതሺsିଵx, sିଵሻ 
 
In addition:  F ฽  F ל J   
where  ܬ: ሺݏ, ݐ ฽ ሺ sିଵ, sିଵtሻ which gives  
 
ܥ௖ሺߚܩ ൈ ܩሻ ൌ bounded kernel with ϐinitepropagation on G ൈ Gሽ . 
 
The following Theorem is from Roe [8].    
Theorem 26: The map between π: f ื Opሺθሺfሻ ל fሻ 
extends to an isomorphism between the Cכ െ  algebra 
  
ܥ௎כ ሺܩሻ ൌ ܥሺߚܩሻ ډ௥ ܩ ؆ ℓஶሺܺሻ ډ௔௟௚ ܩ 
 
The uniform Roe algebra, CUכ ሺGሻ acts on ℓଶሺGሻ, G has 
unitary representation on ℓଶሺGሻ. (e.g. a right regular 
representation): 
 
ܥ௎כ ሺܩሻீ ൌ ሼܶ א ܥ௎כ ሺܩሻ: ܣ݀ߩሺݐሻ ൌ ܶ ݂݋ݎ ݈݈ܽ ݐ א ܶሽ 
 
where ρ is the left regular representation of G. Let T א CUכ ሺGሻ 
and  g א G, then we have  
 
׊݃ א  G  Adሺρሺ݃ሻሻሺTሻ ൌ ρ௚Tρ௚כ . 
 
We obtained CሺβGሻ ډ୰ G, which  forms a covariant 
representation of ℓஶሺGሻ ډ୰ G. In Theorem 26, we will use 
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H ൌ ℓஶሺGሻ, and the algebraic crossed product of H by G  is 
the *- algebras. 
Theorem 27: Assume that the algebraic crossed product 
ℓஶሺGሻ ډୟ୪୥ G  is given by: 
• the pointwise action of ℓஶሺGሻ on ℓଶሺGሻ    
 
ሺaζሻሺsሻ ൌ aሺsሻζሺsሻ, a א ℓஶሺGሻ, ξ א ℓଶሺGሻ, 
 
•  the left regular representation  λ  of  G on ℓଶሺGሻ 
 
ሺλሺ݃ሻξሻሺsሻ ൌ ζሺgିଵsሻ,     
 
Then the elements of   ℓஶሺܩሻ ډ௔௟௚ ܩ which are invariant 
under ܣ݀ߩ are of the form  ሺℓஶሺܩሻሻఘሺீሻ ډ௔௟௚ ܩ. And also 
any element ሺℓஶሺܩሻሻఘሺீሻ ډ௔௟௚ ܩ. is of the form   aλሺ݃), 
where a א ℓஶሺGሻ and   ݃ א G. 
Proof: Let ξ א   ℓଶሺGሻ  and  ݃, h א G.  Then 
 
ሺρሺhሻaλሺ݃ሻρሺhሻכξሻሺsሻ  ൌ ሺρሺhሻaρሺhሻכλሺ݃ሻξሻሺsሻ  
                                  ൌ ሺρሺhሻaρሺhሻכξሻሺ݃ିଵsሻ  
                                  ൌ ሺaρሺhሻכξሻሺ݃ିଵshሻ  
                         ൌ  ሺaሺ݃ିଵshሻሻρሺhሻכξሺ݃ିଵshሻ 
                                    ൌ ሺρሺhሻaሻሺ݃ିଵsሻζሺ݃ିଵsሻ 
                                  = ൫ሺρሺhሻaሻζ൯ሺ݃ିଵsሻ 
                                  ൌ ρሺhሻaλሺ݃ሻζሻሺsሻ. 
 
Since ܽ is operator on ℓଶሺGሻ 
 
         ሺሺρሺhሻaሻξ )(s)=a(sh)ߦሺݏሻ ൌ ܽሺݏሻߦሺݏሻ 
 
and 
ߩሺ݄ሻܽ ൌ ܽ 
 
We also have 
 
 ρሺhሻaλሺ݃ሻρሺhሻכ  ൌ  aλሺ݃ሻ. 
 
We define the set of fixed points  ሺℓ∞ሺܩሻሻఘሺீሻ ډ௔௟௚ ܩ of 
this action in the whole of ሺℓஶሺܩሻሻఘሺீሻ ډ௔௟௚ ܩ ൌ Γሺsayሻ as 
 
ℓஶሺܩሻሻఘሺீሻ ډ௔௟௚ ܩ ؠ ሼaλሺ݃ሻ א Γ: ρሺhሻaλሺ݃ሻρሺhሻכ  ൌ  aλሺ݃ሻሽ 
 
The induce action of  Γ on both side yields:  
 
ܥ௎כ ሺGሻG ൌ  ሺℓஶሺܩሻ ډ௔௟௚ ܩሻீ ൌ ሺℓஶሺܩሻሻఘ
ሺீሻ ډ௔௟௚ ܩ 
 
Proposition 28: Let ܺ and ܻ be bounded geometry discrete 
metric space. Then in general 
 
C୳כ ሺX ൈ Yሻ ് C୳כ ሺXሻ ٔ C୳כ ሺYሻ. 
 
Proof: To show this, note that 
 
C୳כ ሺXሻ ؆ CሺβXሻ ډ୰ X ؆ ℓஶሺܺሻ ډ୰ X 
 
So that 
 
C୳כ ሺX ൈ Yሻ ؆ C൫βሺX ൈ Yሻ൯ ډ୰ ሺX ൈ Yሻ 
؆ ℓஶሺܺ ൈ ܻሻ ډ୰ ሺX ൈ Yሻ 
 
Since    
 
ℓஶሺܺሻ ك C୳כ ሺXሻ 
 
and 
ℓஶሺܺሻ ٔ ℓஶሺܺሻ ؆ C൫βሺX ൈ Yሻ൯ 
 
We have 
߰: βሺX ൈ Yሻ
ஷ
՜ ߚܺ ൈ ߚܻ 
 
This mean ߰ is not isomorphism. 
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